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BEAMS AND SHELLS WITH MOVING LOADSt

C. R. STEELEt

Department of Aeronautics and Astronautics, Stanford University, Stanford, California

Abstract-The transient response of the Euler-Bernoulli beam and the Timoshenko beam on elastic foundations
due to moving loads is reviewed, using, however, a considerably simpler vector formulation with a Laplace rather
than Fourier transformation. The problem of a cylindrical shell with an engulfing axisymmetric pressure wave is
shown to be generally quite analogous to the Timoshenko beam problem. However, in contrast to the Timoshenko
beam, the bar velocity is a "critical" load speed for which the response can become large. This is due to the coupling
between axial and radial motion in the cylinder for the long wave-length modes.

An approach to the problems in which material and geometric properties vary is also discussed. The trans­
formed equation is solved by a method of asymptotic expansions; then the inverse Laplace transformation is
evaluated by the asymptotic saddlepoint method. The caustics, which are regions of stress and deformation
intensification. may be obtained by geometric construction.

INTRODUCTION

WITH the ever-increasing velocities anticipated for future land, sea, air and space vehicles,
one can expect a corresponding increase in the number of situations in which the suitability
ofa structure depends on its ability to withstand the transient effects ofa moving load. And,
of the biological problems which are attracting an increasing analytical effort, there are
some which might have an interpretation as moving load problems, as in the response of the
vessel walls to a pressure wave in the blood, and in the transient response of the cochlea.
There are several other problems for which the analytic techniques described in this paper
are at least promising, as in current efforts to deduce the properties of bones from external
measurements of dynamic response. II

There will be an increase in the capability of computing equipment that should be able
to handle any structural response problem by a direct numerical approach. However, the
authors and users of such computer programs seem, at least privately, somewhat conserva­
tive about the class of problems for which much faith is placed on the results. Particularly in
the transient dynamic response problems one is never quite sure whether the peculiar peaks
and high frequency components should be there or are due to numerical error. Therefore,
it seems worthwhile for the present objective to be a discussion of a restricted class of
moving load problems for which analytical results can be obtained by asymptotic methods.

Many investigators have considered moving load problems for which a simple "steady­
state" solution can be obtained. However, such a solution often raises more questions than
it resolves. Thus we consider, in this paper, a beam or shell initially at rest and then subjected
to the moving load. To simplify the analysis the simply-supported, semi-infinite beam or
shell is treated, The actual support conditions tum out to be of secondary importance for
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the beam on an elastic foundation and for the axisymmetric shell problem; and the finite
beam or shell can be treated by adding appropriate "image" solutions.

Don [IJ was the first to deduce the correct behavior of the head and tail waves
generated by a moving load on a semi-infinite Euler-Bernoulli beam. The finite beam was
treated in [2J with the aid of the modified saddlepoint method of van der Waerden [3]. This
provides a simple description of the transitional behavior at the front of the head wave and
at the rear of the tail wave in terms of the Fresnel integrals, and also gives the behavior at
the "critical" load velocity. The critical is equal to the minimum phase velocity of the wave
trains that can propagate in the beam on a foundation. For subcriticalload velocities the
transient deformation is localized to regions near a discontinuity in the load distribution,
while at supercritical velocities waves are generated which spread out at their group
velocities. The wave train with minimum phase velocity has, however, equal phase and
group velocities, so, it seems, that the work done on the beam by the load remains localized,
giving a response which increases with the square root of time. Ifwe include either damping
or the effects of material or geometric nonlincarities as in [4J, a steady-state solution is
found at the critical load speed. This bound on the response is large in comparison with the
static response when there is little damping in a long slender beam, so this load velocity
deserves the designation "critical".

Going to the more elaborate Timoshenko beam model, Crandall [5J found that the
"steady-state" solution indicated that for a moving concentrated load the shear wave and
bar velocities were also "critical", in addition to the lower critical velocity indicated by the
E-B beam solution. However, in [6J it was found that, although a steady-state solution does
not exist, the shear and bar velocities are not really critical for the transient response of a
finite beam to a distributed load.

It was anticipated that the cylindrical shell exposed to an axial engulfing pressure wave
would behave as the beam on a foundation. But in the recently completed work [7J a
significant difference was found. Due to the coupling between the axial and radial motion in
the cylinder, the phase velocity curve for the first mode has a maximum equal to the bar
velocity, which occurs at the limit of zero wave-number. The consequence is that the radial
load moving at the bar velocity does produce a response which increases with time. There­
fore, the critical load velocities are the bar velocity and the lower velocity analogous to the
E-B beam critical. The steady state solution for a concentrated load [8J indicates the shear
velocity also to be critical; however, the transient solution for a distributed load shows this
not to be the case. The moral seems to be that load speeds should not be labeled "critical"
or "not critical" prematurely.

In this paper, transient solutions are obtained using a Laplace transformation of the
time variable, which turns out to be simpler than the Fourier transform of the space variable
used in [2, 6, 7]. The major objective now is the much larger class of problems for which
variations in the material and geometry are present. The Laplace transformation of the
time variable may still be used. It is shown in [9J that an asymptotic solution of the trans­
formed equation does yield excellent results for the nonhomogeneous wave equation (in
one space dimension). Here we show that an asymptotic solution of the transformed equa­
tion, with appropriate saddlepoint evaluation of the inversion integral, gives good results
for the more difficult problem of a beam with a variable foundation. The general shell of
revolution can obviously be treated in a similar manner.

For methods of direct numerical integration of the shell equations, a vector equation
involving only one derivative with respect to the space variable is advantageous [10]. It is
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becoming more evident that this formulation is also advantageous in analytical treatment.
In the present work, the vector formulation provides a substantial notational convenience
in handling the problems that are basically analogous but of varying degrees of complexity.

The list of references is by no means complete; however; some related recent papers in
the Russian literature are included [18-22].

EQUATIONS FOR BEAMS AND SHELLS

Since the problems of a beam on an elastic foundation and a shell of revolution have
many common features, the notation for the familiar stress and deformation quantities is
chosen to be the same for both, as shown in Figs. l(a), (b). For the transverse bending of the
Timoshenko beam on an elastic foundation, the equations are

M 0 0 0 M pIx 0

H 0 0 0 k H pAh PH
a a2

(1)as + 1 +at2x - 0 0 0 x 0 0
EI

h 0 f1 -I 0 h 0 0
EA

where k is the foundation modulus, E is Young's modulus, E/f1 is the equivalent transverse
shear modulus, A and I are the area and moment of inertia of the beam cross section, p is
the density, t is time and s is the length along the beam.

FIG. I(a). Beam on foundation.
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FIG. l(b). Shell of revolution.
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The dimensionless parameter of the problem is

A = (EA
2 )t

kl e

and the dimensionless length and time are chosen to be

x = ;2(;:r
r = -;( EeAe) t

A Pe1e

where the subscript e indicates the value at the end of the beam s = O. Equation (l) can be
written as

0

1 a 1 a2 PH (;:r- - -v+A v+-B -v = A2k (2)
A ax . ,12' ar2 e

0

0

where

M (~eJt
Eel e

H).

EeAe
v=

X
-
A

h (;:r,12

0 0 0

0 0 0 k*
A= [(El)-lJ* 0 0 0

0 J1 -1 0
A2(EA)*

0
o (pl)*

0
,12

B= 0 0 0 (pA)*

0 0 0 0

0 0 0 0
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(3)

l fY
+

i
«>v(x, r) = -2. V(x, p) ell'" dp

1tl y_l«>

I 0 e-Ap~(X)

- - - v+(A+p2B)v = b;. ax ;'p

owhere

reduces the equation (2) to

which has the inversion

For notational convenience, the star indicates that the quantity is normalized with respect
to its value at the end of the beam (or shell) s = 0

f* =f/fe'

Thus for the homogeneous problem any starred quantity is unity.
When the beam is stiff in comparison with the foundation, which is the situation for

which these equations are generally valid, the parameter l is large in comparison with unity.
If the terms 0(;' - 2) are deleted from the matrices A and B the equations for the Euler­
Bernoulli beam model are obtained.

Now we consider a unit step load which moves along a semi-infinite beam which is
initially at rest. To admit the possibility ofa variable velocity of the load, the time ofarrival
at the point of the beam x ofthe load discontinuity is given by the (monotonically increasing)
function! = ~(x), which has the inverse x = ~-l(!). Thus the load is

~H (Ae)! = {I for 0 < ~(x) < T

l ke Ie 0 for T < ~(x).

The Laplace transformation

a2

{jpv+ ot2 +

0

0

0

b=

0 M

PH H

Pv
a

== -- vas
0 x
0 h

0 v

1

o
o

The remaining steps-finding the solution of (3) which satisfies appropriate boundary
conditions and then evaluating the integral-are nontrivial, especially for the case of
variable properties, so the discussion is postponed to the following sections.

The axial motion of the beam is described by the simple wave equation, completely
uncoupled from the transverse bending. For the axisymmetric deformation of the shell of
revolution indicated in Fig. l(b), the axial and radial motions are coupled, as described by the
equation
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in which tJ is the thickness, v is Poisson's ratio and E/J1. is the equivalent transverse shear
modulus. In the derivation of these equations, only the first approximation constitutive
relations are used. A full discussion is in [II].

An appropriate dimensionless parameter is the usual

A=[12(I-V
Z)tJ ~e J*

e SIn qJe

with the dimensionless arc length and time chosen to be

s sin qJe
x=--­

re

Then (4) becomes

o I oZ
- lox v+A. v+ AzB . orzv = a

where the vector of stress and deformation quantities is

(5)

and the matrix A is

v=

HA sin qJe

EetJe

Vl sin qJe

EetJe

XA- 1

h

re

v
re

0 (sin qJ)*
cos qJ

0 0 0---
sin qJe

0 0 0 0 (EtJ/rZ)* 0

0 0 0 0 0 0

[(EtJ 3 )-1]* 0 0 0 0 0

0 0 0 -(sin qJ)* 0 0

0 0 0
cos qJ

0 0
sin qJe
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I-v 0 0 0 0 0

0 I-v -vtancp 0 0 0

1 recos cp 0 0 0 0 0 1

A. r sin CPe 0 0 0 v 0 0 + )~2 sin 2 CPe

0 0 0 0 v 0

0 0 0 0 v tan cP 0

(Eb
3 )*0 0 0 cos2 cp(I - v2

) 7 0 0

0 0 0 0 0 0

0 0 0 0 0 0

x 0 0 0 0 0 0

0
(1- v2

) cos2 cP + Jl. sin2 cP (1- v2
- Jl.) cos cP sin cP

0 0 0
(Eb)* (Eb)*

0
(1- v2

- Jl.) cos cP sin cP (1 - v2
) sin2 cP + Jl. cos2 cP

0 0 0
(Eb)* (Eb)*

The remaining terms of (5) are

0 0 0
(I-v 2 )(b3 p)*

0 0
A. 2 sin2 CPe

0 0 0 0 (bp)* 0
B= 0 0 0 0 0 (bp)*

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0

rePH

Eebe

a= rePv
Eebe

0

0
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HOMOGENEOUS PROBLEMS

In this section we consider the three successively more difficult problems of the Euler­
Bernoulli beam on a foundation, the Timoshenko beam and the cylindrical shell, but in the
special case that the geometric and material properties and the load velocity are all constant.
In this case, the solution of (3) is relatively simple, since the coefficients are constant. Then
once the somewhat tedious problems on the algebra of complex functions are resolved,
saddlepoint methods used on the inversion integral yield results which give a clear qualita­
tive picture of the solution and also are useful for explicit calculation in the range of the
space and time variable for which any direct numerical approach is excessively expensive.

Euler-Bernoulli beam

When the terms O(A - 2) are deleted from A and B, the solution of (3) is easily obtained.
The particular solution is

e-;'P~

v = --,----:-:--~-__.,._-

Ap[(P~')4+p2 + I J

_(P~')2

(p03

p~'

I

-;.~

AP[(p~~)4 + p2 + 1]12(pO

where the primes denote differentiation with respect to x. Since e(x) gives the arrival time
ofthe load at the point x, ~' is the reciprocal ofthe (dimensionless) velocity which is constant
in the present consideration. The complementary solutions are

v= J(P) e - A!;(x)

where J is an arbitrary function of p and Cis a root of

We will choose (' to be the root which has the branch cuts chosen to give the mapping
C = ('(p) shown in Fig. 2. The second root, which has a positive real part for positive p, is
(~ = i('. The remaining roots are the negatives of Cand (~, but these give solutions which
for positive p are unbounded at x = + 00 and therefore must be absent. Thus for the semi­
infinite, simply-supported beam the solution of (3) is

(6)

_ e - ;'P~12(p~')

v(x, p) = Ap[(P~')2 _ «(')2J [(p~Y _ «(~)2J

e-;'{12(C)

When (6) is substituted into the inversion integral, we see immediately that the particular
solution term gives zero contribution for points ahead of the load ~(x) > 't, and for e(x) < 't,
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FIG. 2. Mapping of (' = ('(p) showing integration contours y and fJ and loci of PI and P2, the zeros of
p "'Ps -<,.

since the contour y can be deformed to infinity in the negative Pdirection, gives the residues
at the poles P = 0, ('/~' and (~/~'.

The two poles, which are the zeros of P- ('j ~', are denoted by Pi and P2

_[-1 ±[1-4(~')4JtJt
PI,2 - 2(~/)4

the loci of which are indicated in Fig. 2. For low velocity t » 1, they are at

1+i 1
Pi,2 '" it "2'

coalesce at Pi.2 = i2t for ~/ = r t , and remain imaginary for higher velocities

P2 ~ i for ~'« 1.

(7a)

These two poles of the particular solution are exactly the same as the poles of the comple­
mentary solution involving (, and therefore can be accounted for by shifting the integration
contour of the integral involving ( from y to the contour f3 which is on the left of the two
poles, as indicated in Fig. 2. A similar shift in the integration contour occurs for the integral
involving (2' for which the poles are in the lower half of the p-plane.

A further simplification comes from the fact that (2(P) = ~(P). Thus the integral involving
(2 is the negative ofthe complex conjugate of the integral involving (. So the final result for
the solution is, for ~(x) > r

1 f e).(Pt-~)cx(n dp
v(x, r) = - 27r1m y p(n2[(p~')2 _ ((')2J

while for points behind the load front ~(x) < r

o
o 1 r e).(Pt-~)cx((') dp

v(x, r) = 0 - 2n 1m Jp p((')2[(pe')2 - (('?f

1

(7b)
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The vector giving the uniform displacement under the load comes from the residue of the
particular solution at P = O. For a check on the proceedings, we note that at the boundary
x = 0 there is no branch cut in the first and fourth elements of the integrand of (7b), so the
contour f3 may be deformed to infinity in the negative Pdirection, leaving only the residue at
P = O. The contribution ofthis residue to the first element ofv, the bending moment, is zero,
while the contribution to the fourth element, the displacement, cancels the uniform displace­
ment term in (7b). Thus the simple support conditions are satisfied.

Since an exponent with the large parameter A. appears in the integrand of (7), the saddle­
point method may be used to evaluate the integral. The saddlepoint Ps is the zero of the
derivative of the argument of the exponent

~ = (~~t=ps
and is a unique point on the positive imaginary axis of the p-plane (for positive values of
x/r). This gives, of course, the group velocity of a wave train with the frequency P.. and is
shown in Fig. 3. The saddlepoint variable u = u(p) is introduced

iu2 = pr-( -(psr-(s)

VELOCITY

Front I'!')
Vel. "'1

Load ((T'
Vel.

21/2

Tai 1(1.)
Vel. "'2

x _(0/;'-'
h')group - op)

-ip,

FIG. 3. Phase and group velocities for E-B beam.

so that

u(p) = [-i(pr-(-psr+(s)]t

= ~I;;~l~ [-i(P-Ps)]+O[(p-Ps)2].

Thus u(P) is analytic near the saddlepoint, and is positive for values of p on the imaginary
axis above the saddlepoint.

The contours y and f3 can be deformed to the steepest descent path on which iu2 =
-lul 2 so the most significant contribution comes from the vicinity of the saddlepoint and
will be O(A. - t). However, when the pole PI is above p., the contour ypasses the pole when being
deformed to the steepest descent path so the residue must be added, which is 0(1). Similarly
when the pole P2 is below P.. the contour f3 passes the pole when being deformed to the
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steepest descent path, and the residue must be added. All this is more clearly seen from
Fig. 3. For a given load velocity, the solution depends primarily on two wave trains with
frequencies PI and P2 whose phase velocities equal the load velocity. The wave train with
frequency PI is in the region ahead of the load front to the point moving with the group
velocity (X/r)I' while the train with frequency P2 is behind the load in the region ahead of the
point moving with the group velocity (x/rh-

When the load velocity is less than the minimum phase velocity, the poles are complex,
but still we have the residue from PI ahead of the load and that from P2 behind the load.
These give a solution which decreases exponentially with the distance from the load dis­
continuity in a manner similar to the response of the beam to a static load.

The simple analytic expression which gives this behavior just discussed can be obtained
by using a modification of the saddlepoint analysis due to van der Waerden [3]. The inte­
grand is considered to be a function of the saddlepoint variable u, and is given partial­
fractions decomposition which explicitly shows the pole terms and a remainder term.

(X(C)dp _l[ '4-t (X(PI~')
p(C)2[(p~')2_(C)2]-"2 ([1-4(0] +l)U-U(PI)

-([1 -4(~')4rt-I) (X(P2~') Jx du+ R dp.
U-U(P2)

The pole terms can be integrated exactly, while the remainder term can be shown by the
usual saddlepoint estimate to be O(A -t) uniformly for all positive values of x and r.

Thus we obtain

I f A(p,-C) «(')
2n 1m P(C:2[(P~'):_(C)2]dp = tRe[±([I-4(~')4rt+ I) eAP1('-~)(X(PI~')I[±A.tu(pd]

± (- [I - 4(~')4rt+ I) eAP2('-~)(X(P2~')I[ ± At U(P2)]]

+O(A. -t) (8)

where

I(z) = n- t ei1t/4Izoo e- ix2 dx

is a combination of Fresnel integrals, or the complementary error function of a complex
argument, and is shown in Fig. 4 for real argument. For the ± sign in (8), the upper sign is
used when the integration contour is y and the lower for the contour p. Thus, for instance,
for points between the load and the point x/r = (x/r)1 the pole PI is above the saddle point

4

FIG. 4. The function J(K); Note: 1m J(K) = - 1m J( - K).
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so U(PI) is positive, I[AtU(PI)] is approximately unity, and we have the residue from Pl'
For P. in the neighborhood and then above PI' the I function gives the transition from the
head wave train to a dispersive behavior. The results similar to (8) for the moving concen­
trated load are shown in Fig. 5 for load speeds (2t e')-I = 0·95, l-l and for the "critical"
1·0, for which (8) increases with the square root of the distance of the load front from the
beam end.

Timoshenko beam
To include the effects of transverse shear deformation and rotary inertia, the terms

O(A. - 2) of the A and B in (2) are retained. The complementary solution is

T"'160

·,:",·:~t ~-=+=~#:-,
-10o----J..--~80~---L--...,.1&""=0--...t.---2.J.40---'--X--.J32....0......J

t
LOAD

V/Vcr : 1

T:l&O

~~':I
t 80 160 t 240 f X 320

TAIL LOAD F.RONT

V/Vcr =1.1

FIG. 5. Deflection of beam with foundation with moving concentrated load.

·:.·,,:~t
-10

o
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where .f is an arbitrary function and" is a root of the polynomial

We choose for ('1(P) the root which has the branch cuts chosen to give the mapping indicated
in Figs. l(a), (b), and which has the behavior

For the root '~(p) the branch cuts are chosen to give the mapping shown in Figs. l(c), (d),
which gives the behavior

,; ~ piA as p -.. 00, 0 ~ arg p ~ 2n

(;(P) = ~;(P), (;( - p) = -(~(p).

When p and ((P) are both imaginary, the complementary solution gives a wave train, the
phase and group velocities for which are sketched in Fig. 7. For large A, the curves from the
root '1 are the same as for the Euler-Bernoulli beam, shown in Fig. 3, for velocities which
are sufficiently smaller than the shear wave velocity AIj1.t. The root (~ gives a high frequency
wave (absent from the E-B beam model) whose (dimensionless) phase and group velocities
approach .Ie, i.e. the bar velocity.

(c) (d)

FIG. 6. Mappings for Timoshenko beam.
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Velocity

o

I
I

----~----
P,ki I
(phase) ?' -, I(:rr l (group)

-ip

FIG. 7. Wave velocities for Timoshenko beam.

The solution of (3) for the simply-supported semi-infinite beam is in nearly the same form
as (6)

(9)

_ e-).P~(pO

v = Ap[(p02 -(('If] [(p02 _(,~)2]

e-U;'(X("I)

The poles of the particular solution (which are exactly cancelled by poles in the comple­
mentary solutions) occur at values of P for which pf = '1 and at P~' = ,~. Similar to the
E-B beam, the functions P~'+ "1 and P~' +,~ do not have any zeros, and the zeros PI and
P2 of P~' - "1 have the loci shown in Fig. 6(a). But as the load velocity approaches the
shear velocity, PI goes to infinity and for larger velocities is on the real p-axis, approaching
the branch point 2A2(jt - I) - 1. As the load velocity continues to increase, PI becomes a zero
of P~' -,~ shown in Fig. 6(c), goes to P = + 00 and reappears on the imaginary axis for load
speeds in excess of the bar velocity. Unlike the E-B beam, when PI and P2 are zeros of
P~' - '1 then - PI and - P2 are also zeros.

When (9) is inserted in the inversion integral, it is immediately seen that the three terms
give zero contribution when the point x under consideration is ahead of the load, ahead of
the point moving with the shear velocity, and ahead of the point moving with the bar
velocity, respectively. For points behind the load front, we again obtain just the residues
from the poles of the particular solution, which can be accounted for by shifting the integra­
tion contour of the complementary solution from y to a contour f3 to the left of all the poles
(but still to the right of the branch cut). Also, since 'I,2(P) = ~I.2(P) the integral on a contour
symmetric about the real p-axis is equal to 2i times the imaginary part of the integral over
the portion of the path in the upper p-plane. The inversion integral thus reduces to a form
similar to (7) but with the sum of two such integrals, one with' replaced by '1 and one with
( replaced by (2' and with the integration contour from a point on the positive real axis to
infinity in the upper-half plane.

The results are indicated in Fig. 8. For the load speeds much less than the shear wave
velocity, the integral involving (1 is the same as for the E-B beam while that involving (2 is
small, giving essentially the E-B results in Figs. 8(b), (c). For higher load speeds, the trailing
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wave train remains essentially that indicated by the E-B solution, but significant changes
occur in the head wave train. As the load speed approaches the shear velocity, the group
velocity also approaches the shear velocity so the head wave train becomes of a more
limited length. Then for load speeds in excess of the shear velocity, the pole P1 is on the real
axis, giving an exponentially decreasing function behind the load [Fig. 8(d)]. Finally, for
load speeds greater than the bar velocity, the pole P1 returns to the imaginary axis, but the
corresponding group velocity is less than the load velocity, so both the long and short wave
length trains are behind the load [Fig. 8(e)].

(b) 0 < v < 1

o
DEFORMATION

(c)

(d)

1/2~ ~ /\ C> " ~ ~l<v<v AVVOO~~

.c.v /v .£.
1/2 ~v A < v < A

(e)

FIG. 8. Deformation of Timoshenko beam for various ranges of load speed.

When the load speed exactly equals the shear or bar velocity care must be used since the
pole point is at infinity. However, a reasonably simple approximate solution can be obtained
in terms of a Bessel function [6]. The important fact is that the solution is well-behaved,
without any resonance buildup, so the sonic speeds are not "critical" even though a
"steady-state" solution, i.e. dependent on only the distance from the load discontinuity, is
never attained.

Cylindrical shell

The complementary solutions of (3) for the cylindrical shell are of the form

v= f(P) e - ",(x)

_(02[ J

n J2
2

-~{ }
..1.

nJ
[ ]{ }

(vC/..1.){ }

(10)
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where, to avoid the introduction of more symbols, we have written

1187

[] = [W)2_p2(IA~V2)J

{} = {l- ;2[(n2_p2(\~V2)J}.

The polynomial for (' is nowt

((')2[ Y+{}( _V2~:+(I+p2)[])= O. (11)

The behavior ofthe algebraic function ('(p) defined by this cubic equation can be determined
by finding first the relation between phase velocity u and (' by replacing p with u(' in (11).
The expression reduces to a quadratic, giving the solution

For u2 »4, the two solutions are

-«(')' ~ u'[1- U'(\~")J

which easily give the curves of Fig. 9, except near the minimum of Pj('l. When the wave
velocities for the Timoshenko beam are plotted as functions of wave number instead of
frequency, as in Fig. 8, and the constant phase velocity line of the axial mode is added,
curves very similar to those ofFig. 9 are obtained. The essential difference is in the interaction
of axial and bending waves in the cylinder. Instead of continuing to infinity as - i(' -+ 0,
the phase velocity of the first mode approaches the bar velocity. Just from Fig. 9, one would
expect the cylinder response to the moving load to be generally similar to that for the
Timoshenko beam, except for load speeds approaching the bar velocity. In this situation,
the group velocity of the trailing wave train also approaches the bar velocity, so all the
transient effects will be localized near the load front.

To proceed with the analysis of(11), we note that when p = 0(1), the roots are approxi­
mately

t It should be noted that the more accurate constitutive relations give a modification of the coefficients of the
polynomial 0(;' - 2), as shown in [II].
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FIG. 9. Wave velocities for cylinder.

p2 p2(I_ y2)+ I
(('f ~.?c2 p2+1

the first of which gives the "bending" and the second the "membrane" behavior. By con­
sidering the discriminant of the cubic, repeated roots are found at

2 4.?c4

P ~ (,u-I +y2)2

at

p2 ~ -I

and at two conjugate complex points near p2 = - l. Thus the curve of Fig. to indicating
the behavior of (2 for real values of p2 is obtained.

The third quadrant of Fig. 10 gives the curves of Fig. 9. In particular, the lower curve
gives ('I' This function is single-valued and analytic for real and imaginary values of p, but
has different values for p ..... 00. So for a function analytic at infinity the branch cuts are
chosen as shown in Fig. 1I(a). On the outside of the branch cuts the behavior is essentially
that of the root ('1 for the Timoshenko beam shown in Figs. 6(a), (b). For the cylinder,
however, we have the analytic continuation along the imaginary axis inside the branch cut
producing a mapping something like that shown in Fig. I I(b).

For the functions (2 the cuts and mapping remain similar to that shown in Figs. 6(c), (d)
for the beam. For the function (3 the cuts are shown in Fig. ll(c); the mapping of the p on
the (3-plane is multivalued and cannot be represented by a simple sketch. The important
point is that (II) describes three analytic functions of p, all of which are analytic at infinity,
have the property Wi) = ~(p), have a positive real part for p real and positive, and have
simple approximations in the various regions.

We now may proceed with the solution. Since we have the form of the complementary
solution (10) of the transformed equation (3), the particular solution for the engulfing step
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transverse pressure load which satisfies the simple support condition is found to be

_ e- ;'p~<x(pO
v = ---::------;;----:-=-=--'-=----=---....,,-

Ap[(pf)2 - «('1)2] [(p~f)2 - ('2)2] [(p~ff _(C~)2]

e- ;'~l<x('~)

Ap[(Pe')2 -KD2] [("1)2 - (,;)2] [("1)2 _ (,~)2]

e- A.~2<x('2)
Ap[(P~f)2 -('2)2][Kz)2 -Kl)2] [('zf -('~f]

e- '<~3<X('~)
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(12)

(a) (b)

p- plane

(e)

FIG. I I. Mappings for cylinder.
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The function (12) when placed in the inversion integral yields integrals similar to those
for the Timoshenko beam, giving, as expected, the general behavior similar to that for the
Timoshenko beam indicated in Fig. 8. However, when the load speed approaches the bar
velocity, the transition of the mode given by ('1 from a bending to an axial membrane type
of deformation causes a drastic modification of the solution. If we take the load velocity
exactly equal to the bar velocity ~' = A~ 1, it is most convenient to deform the integration
contour y in Fig. 11(a) to the contour f3 just to the right of the imaginary axis. All the
integrations along the branch cuts cancel, while the integrals involving (z and (3 along the
imaginary axis give a small contribution. The contour for the integral of the particular
solution may be deformed to - 00 for points behind the load, leaving the residue at p = O.
Thus for points just ahead of the load the significant part of the solution comes from the
vicinity of the pole.

v ~ __I f
2rci Ii

_(pAZ)-1

V
Z jA3

_Ajvp3

AjpZ

Ijp3

Ijvp4

e(At - x)p + (v 2 j2)xp 3 dp

while for points behind the load front the residue from the particular solution is added.
To evaluate this integral, consider the function

f -il·1 + 00 { (
3
)} dw

Gn(Z,wo) = exp i(ZW)--3 (_ )n'
-1'1-00 w Wo

For n = 0, we have the Airy function

Go(Z, wo) = 2rcAi( - Z)

while for n = I, one can show that

G1(Z,wo) = 2rci f~oo eiwo(Z-S)Ai(_s)ds.

The formula for general n is

In particular

G3(Z,0) = -in[Z2 f~oo Ai(-S)dS-ZAi'(-Z)+Ai(-Z)}

With the use of these functions, one finds that only the axial stress, given by the third
element of v, is significant
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Z = (3:V2)\).T-X)
G*(Z) = _~G (Z O)_{O for Z > O}

3 ni 3, Z2 for Z < 0 .

The function G!(Z) is real-valued, dies out exponentially for Z < 0, that is, for points
ahead of the load front, reaches a maximum of 0·455 at Z = 0·388, then has damped
oscillations for increasing Z. Thus the ratio of maximum dynamic to static stress is

( v) 0·455 (3V2
x) t1-"2~ -2- = 0·17xt for v = 0·3.

So the stress becomes large for cylinders whose length is in great comparison with the
radius. Therefore, the bar velocity is a "critical" load velocity in the same sense as the
minimum phase velocity. It seems that the conclusion tentatively offered in [6] - "the only
truly critical load speeds are equal to extremums of the phase velocity curve which occur at a
finite wave number"-is valid for the cylinder since the bar velocity is a maximum of the
phase velocity of the first mode.

INHOMOGENEOUS PROBLEM

For beams and shells with material and/or geometric properties which vary with the
spatial coordinate (but not with respect to time), the Laplace transformation in the time vari­
able of the equation (2) may be performed which gives the equation (3). Now, however, since
the coefficients and right-hand side of (3) vary with respect to the independent variable, a
simple "closed-form" solution is generally not possible. Even the restricted class ofvariation
of the coefficients, for which a solution can be found in terms of some hypergeometric
function, is usually not extremely interesting either because the variation is too special or the
function is incompletely tabulated and in such a form that does not permit a simple visualiza­
tion of the results. What seems to be the more fruitful approach is to utilize the methods of
asymptotic expansions which have been successfully applied to many problems of shell
statics. Of course, similar expansions are used in almost every area of mathematical physics
and in particular for the analysis of steady-state solutions of the inhomogeneous wave
equation [12]. In the shell statics problem, the large parameter in the equation used for the
expansion is the radius-to-thickness ratio ().2) while in the wave .propagation problems of
[12] the expansions are valid for high frequency. For the steady-state vibration ofshells, both
the radius-to-thickness and frequency parameters must be contended with. Various
portions of the problem have been dealt with successfully, as in [13-15].

For the present problem, we need not only the solution of (3), which contains the vibra­
tion or steady-state wave propagation solutions, but must use this in the inversion integral
to obtain the transient behavior due to the moving load. Such a procedure was successful
for the less difficult problem of the propagation of a high-frequency pulse in a bar or slab,
described by the inhomogeneous wave equation with one space dimension [9]. The beams
and shells presently under consideration are, in contrast, highly dispersive. So, after, using
an asymptotic expansion for the solution of the transformed equation (3), it is convenient,
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consistent and perhaps necessary, as in the homogeneous case, to use the asymptotic
saddlepoint methods to evaluate the inversion integral.

From the preceding discussion of the homogeneous case, it is seen that for load speeds
sufficiently less than the shear wave velocity, the essential features ofthe shell behavior are
given by the Euler-Bernoulli beam on an elastic foundation. For simplicity, only a variable
foundation will be considered.

Euler-Bernoulli beam

For the beam of constant properties, but with a variable foundation stiffness, with the
uniform step load moving at a variable velocity (e/) -1, the transformed equation is (3) with

o o o
o 0 0 k*+ p2

o 0 0

o 0 -1 0

where the ratio of the foundation stiffness to its value at x = 0 is k* = k*(x). The comple­
mentary solutions are sought in the form of an asymptotic series in powers of the large
parameter A

- - - ;'{(x)[1 1 ]v- e 1X+J:1X 1 + A21X2+'" (13)

where the lXi are vector functions and ((x) is a scalar, all independent of Aand sufficiently
well-behaved. Substitution of (13) into (3) and equating the coefficient of each power of A
to zero give the equations

(n+A+p2B).1X = 0

(('I +A +p2B) .1X 1 = IX'

(n+A+ p2B) .1X2 = lX'l (14)

(15a)

in which I is the identity matrix. Therefore - (' must be an eigenvalue ofA + p2 B and IX must
be the corresponding eigenvector. For (' the polynomial is

((')4+ p2+k* = 0

and we choose the same root as in the homogeneous case which gives the mapping in Fig. 2,
except that now the branch points are at p = ± i(k*)!. But now k* varies with x so we have

1+iix

( = 2t 0 (p2+k*(x))* dx.

The eigenvector is

IX = f(x, p) (I5b)
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where 1 is a scalar. Since the matrix in (14) is singular because of the choice for (', a solution
of the equation for (11 will exist only if the right-hand side is orthogonal to the solution of
the homogeneous transpose equation. This condition supplies the equation for1

4(03/, +6(02("1 = 0

which has the solution, normalized to be unity at x = 0,

1 = [nx)/nO)J- t .

The solution for (11 is

-2

~('
("1+/1(1

!((')-1

o

(15c)

(15d)

where/1 is a new scalar function which will be determined from the orthogonality condition
on the right-hand side of the equation for (12

(15e)

Similarly the next terms of the expansion may be computed.
If the convergence of the first few terms of (13) is rapid, then the expansion provides an

accurate useful approximation to the exact solution of (3). There is one important situation
for which the expansion is not valid, and that is when k* +p2 has one or more zeros on the
beam. The terms in (13) are seen to be successively more singular at such a zero. For the
homogeneous case, for frequencies - p2 < I the root (' is complex and dynamic effects are
localized, while for frequencies - p2 > I the root ( is real so that the propagation of waves
occurs. For k* variable it is possible to have, for the same frequency of excitation, regions
of the beam propagating waves while other regions, in which - p2 < k*, do not. Such
"transition point" behavior is discussed in [13-15J. For the homogeneous moving load
problem, however, the interesting transitional behavior occurs at the minimum phase
velocity at which the frequency is - p2 = 2, so we encounter in the nonhomogeneous
problem at least different transition point problems.

The expansion (13) provides the approximate complementary solutions; a similar
expansion with ( replaced by p~, which is the argument of the exponent on the right-hand
side of (3), will provide an approximate particular solution. However, when the boundary
conditions are satisfied and we consider the solution as a function of the transform variable
p, the poles of the various terms do not cancel as they do in the homogeneous case. Thus
one seeks a better solution to (3).

The first term of (13) W = (I e- AI; is the exact solution of

law ( 2 1)- --+ A+p B+-C . W = 0
Aax A

where C is the diagonal matrix

(I' = C. (I.

(16)
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Thus (3) can be written in the form

1ov ( 1) 1 e- "p~
- l ax + A + p

2B +;: C . v= l C . v + JcP b = R. (17)

Following the method for obtaining error estimates for asymptotic expansions [16J we
formally consider the quantity R as known. The solution is

v = W-ArK(x, X)R(X)dX (18)

where the matrix K(x, X) must satisfy (16) with respect to x and must satisfy the conditions

K(x, x) = I.

If we denote the four complementary solutions by

Wj = cx«(j) e-"'i

where

(19)

then a suitable kernel is formed using the complementary solutions as column vectors

K(x, X) = [W I(X)W2(X)W3(x)W4(X)J. [W 1(X)W2(X)W3(X)W4(X)r 1.

Since R actually contains the unknown v, (18) is a Volterra integral equation for which the
method of successive approximations converges to the solution. So for the first approxima­
tion, the nonhomogeneous term is used

1 fXv~ - p K(x, X). be-"p~(X)dX.

Substitution of this into the right-hand side of (18) gives a correction which is generally of
the relative size O(A - 1). So we proceed with the use of the approximation (19), bearing in
mind that if we end up with ridiculous results a more careful study of the limitations on
(19) should be made.

When (19) is expanded, we have

1 fX [ e'" I e"'2 e"'3 e"'4] e - "X
v~ - 4p Wt(x)1; -W2(X)~+W3(X)G-Wix)1r !<Cd2 dX.

As in the homogeneous case, the terms involving (2 and (4 will contribute the complex
conjugate of those involving (1 and (3 to the final result. For the integration limits, since
(3 becomes negative for x --+ 00 for p positive, we choose X = 00 for the lower limit of the
integration of the third and fourth terms. Since (1 is the negative of (3 the choice for the
limit on the first two terms should be X = - 00. To define' 1 for negative arguments we
take (1( - X) = (3(X) with the result

1 [ IX e"(" - p~) 10 e"g3 - p~) IX e"('3 - p~) ]

v(x,p)~ -4p WI 0 !«('d3 dX-W I OCJ !«('d3 dX+W3 OCJ !«(')3 dX + ...

where the dots denote the similar terms with (2 and (4' Note that the simple support
conditions are satisfied, since the first and fourth elements of WI (0) - W 3(0) are zero.
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When this expression is placed in the inversion integral, it is immediately seen that the
portion of the integrals ~ - l(T) < X will give a zero contribution since the contour may be
deformed to infinity in the direction of positive p. Thus we have, for points behind the load
front x < C l(T),

A ( { IX dX
v(x,r) = - 4n Im J). CX(C1) 0 expA[pr-p~(X)-(l(X)+(l(X)] !(X)(('l(X»3

(0 dX
+cx((~) J~-[(T) expA[pr-p~(X)-(l(X)-(l(X)]!(X)(('l(X)?

, r u }~
-cx( - (1) J~- I(t) exp A[pr- p~(X)+(l(X)- (l(X)]!(XHCi(X»3 P (20a)

and, for points ahead of the load x > C l(r),

v(x,r) = ~Imf {CX((/) (~-I(t) e"[Pt-p~(X)-'I(X)J(e).,l(X)_e-)."(X) dX }dP (20b)
4n y i Jo !(XH('1(X»3 p.

At this point the problem may seem somewhat out of hand, since a double integration must
be performed. However, we may use the standard asymptotic evaluation of the integrals
over the space variable X. As discussed in [16], the significant contribution comes from the
endpoints of the interval and from any interior saddlepoints. Integration by parts easily
yields the endpoint contributions; the integral of these terms over the y contour in the p­
plane gives only the residue at the pole p = 0, which reduces to the results, for points behind
the load front,

(21a)
v(x, r} =

o
o
o

l/k*

and, for points ahead of the load,

_ {~ I e-).["(X)-,,(~-I(t))J }
v(x,r) - Re 2CX((1) [fk*]x=~-'(t) p=o· (21b)

Thus the end points of the X integrals in (20) give the static solution. In (2Ia) is seen the
displacement, under the uniform load, which varies because of variation in the foundation
modulus, and the exponential "edge-effect" correction at the end of the beam and at the
load discontinuity. In (2Ib) is the edge-effect ahead of the load.

The dynamic effects come from the saddlepoint, which is the point at which the deriva­
tive, with respect to the variable of integration, of the argument of the exponent vanishes. In
the first integral of (20a) the saddlepoint X. is at the point for which

(22a)

There are no saddlepoints of the other integrals in (20a) since there are no zeros of
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Retaining only the first term of the saddlepoint expansion gives for (20)

. { a((', (x)) e""- ,<lX.' -,"., '(,>X.>11d

v(x t) ~ - ~Imf [ (PC-C)+J -E.
, 4n y f((')3 It~- X=X

s

p

The saddlepoint of this integral is at the value of P for which

(22b)

(22c)

which gives the result for the dynamic effects

I (l((~(x)) eA[Pst-Ps~-'l(X)+{d

v(x,t)=-2
Re [02 ( 0/)2J+

pJ((,) 3
- Op2 ((1(X)-(d(pC -C')+ ~'- O~

in which the argument X s has not been explicitly written.
The interpretation of (22) is the following. Consider a point x = X s on the beam. As

indicated in Fig. 12(a) for the homogeneous case, when the load discontinuity passes the
point X" two waves are generated. Both waves have a (local) phase velocity equal to the
load velocity and frequencies given by the two values of p which satisfy (22a). The significant
effect of these two waves propagates from the point X s with the group velocity; the trace in
the x, r plane is given by (22b).

For the inhomogeneous beam, however, the two "rays" emitting from X s described by
(22b) will generally be curved. And, even when k is constant, if the load speed varies the rays
from different values of X s will be at different angles. So several interesting situations can
give rise to a curve which is the envelope of the emitted rays [Fig. 12(b)]. On this curve,
called a caustic, the denominator of (22c) vanishes. The accurate solution can be obtained
in terms of the Airy integral, since generally the third derivative of the argument of the
exponent in the integrand is not zero. Thus instead of the singularity indicated by (22c)
on the caustic the actual stress magnitude will be O(},-t). At the cusp of two caustics such as
indicated in Fig. 12(b), which occurs when the load speed is equal to the minimum phase
velocity of waves that can be emitted at a point, the third derivative of the exponent also
vanishes and the intensification of stress and displacement is O(Xi}

When the load speed is less than the minimum phase velocity of waves that can be
emitted at a point, the roots p of (22a) will be complex and the result (22c) gives only a local
effect.

T (Slow Ra,
From Xs)

(Position of
Load Front)

erX)

Xs x
FIG. 12(a). Influence lines for homogeneous case.
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FIG. 12(b). Influence lines for increasing velocity.
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If the same argument is used for the cylinder with a variable load speed, the result is
similar to Fig. 12. For an increasing load velocity cusps of caustics form when the load
passes through the low "critical" velocity and at the "plate" velocity. For a decreasing
load velocity, however, caustics form when the load velocity equals the "bar" velocity and
the "shear" velocity. Just how significant these caustics are, as far as maximum stress and
deflection are concerned, remains to be evaluated.

Thus the results (22) provide a reasonably simple means of computing the general
response of the nonhomogeneous beam with a variable load speed, and provide a direct
way of identifying regions of stress intensification. Furthermore it is evident that the
analysis may be repeated for beams with variable E, A, p, or load amplitude with only minor
modification, and can be used for the shells of revolution with a variable meridian. The
results will be similar to (22) as long as the load speed is sufficiently less than the shear
velocity. For the high load speeds, the same general approach should be fruitful, but, as in
the case of the cylinder, care must be exercised in the peculiar situations which can arise.
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A6cTpaKT-TIpOBeplieTCli uepeXO,L\HOe COCTOllHHe 6aJIOK THua 3HJlepa-.6epHyJIJIH H THMOllleHKH, JIe)ICalllHX

Ha yupyroM OCHOBaHHH, BCJle,L\CTBHe ,L\BH)lCYlllHXCli Harpy30K, HCnOJIb3Yll O,L\HaKO, 3HalfHTeJlbHO 60Jlee

UpOCTylO BeKTopHylO 41opMyJIHpoBKy, C upeo6pa30BaHHeM BepHee BCero JIauJlaca lfeM 41YPbe. TIoKa3aHo,

lfTO 3a,L\alfa l\HJIHH,L\PHlfecKOll: 060JlO'iKH C UOrJIallleHHeM ocecHMMeTpHlfecKoll: BOJIHOll: ,z:taBJIeHHlI, lIBJ1l1eTClI,

Boo6111e, BUOJIHe aHaJIOrHlfHoll: 3a,z:talfe 6anKH THMOllleHKH. Ho ,z:ta)ICe, B npOTHBOnOJlO)ICHOCTb C 6aJlKoll:

THMOllleHKH, CKOpOCTb CTep)ICHli OKa3blBaeTCli "KPHTHlfecKOll:" CKOpOCTblO Harpy3KH, npH KOTOpOll:

peaK~lI MO)ICeT ,z:teJIaTbCli 60Jlbllle. 3TO lIBJIeHHe B03HHKaeT BCJle,z:tCTBHecoupll)ICeHHlI Me)IC,z:ty OCeBblM H

pa,z:tHaJlbHhIM ,z:tBH)lCeHHeM B l{HJIHH,z:tpe ,z:tJlll THnOB BOJIH 60JIblllOll: ,z:tJlHHbJ.

06cJ)IC,z:taeTCli TaK)lCe no,z:txo,z:t K 3a,z:talfaM, B KOTOpbIX H3MeHlIIOTCli CBoll:cTBa MaTepHaJla H reOMeTpHlfecKHe

CBoll:cTBa. PelllaeTCli npeo6pa30BaHHble ypaBHeHHlI MeTO,z:tOM aCHMUTOTH'IecKHX pa3J10)ICeHHll:. 3aTeM

oupe,z:teJllleTCli 06paTHoe upeo6pa30BaHHe JIaUJIaCa MeTO,z:tOM aCHMnToTHlfecKOll: ce,z:tJlo06pa3Holl: TO'iKH.

KaYCTHKH, KOTOpble lIBJIlilOTCli pall:oHaMH HHTeHcH4IHKal{HH Hanpll)ICeHHll: H ,z:te4lopMa~ll:, MO)ICHO nOJIYlfHTb

nyTeM HenOCpe,z:tCTBeHHOrO '1HCJleHHOrO paClfeTa HJlH C nOMOlllblO reOMeTpHlfecKOll: KOHCTpyKl{HH.


